Introduction
The problem of Josephus is the following. We are given two positive integers n; q. There are n places arranged around a circle, and numbered clockwise 1; 2; : : : ; n. Each of n people takes one of the places, then (please excuse this, but we didn't invent the problem!) every kth one is executed, until just one remains. More precisely, the occupant of place k is`removed' rst, and in general, if some place j has just been vacated, then the kth one of the places clockwise around from j that are still occupied will be vacated next. One question is this: if you would like to be the last survivor, then into what place should you go initially? We denote the answer to this question by J q (n). For example, if n = 5 and q = 2, the order of execution is 2, 4, 1, 5, 3, and J 2 (5) = 3. There are other questions that have been raised about the problem, and it has an extensive literature (see 1]-10]). In this paper we deal with the J q (n)'s.
What we have to contribute is the observation that in one of the algorithms that has been proposed for solving the problem, the sequence of numbers that is generated is remarkably well approximated by a single term of its asymptotic series. This result, which essentially is a property of the iterated`ceiling' function, as we will see below, is both of independent interest and also permits one to write down an explicit-looking formula for J 3 (n) ((5) below).
More precisely, we write`d e' and`b c' for the ceiling and the oor functions respectively. For a xed real > 1 we study the sequence f 0 = 1, f n+1 = d f n e (n 0).
We show that although these iterates grow exponentially fast, they are approximable to within O(1) by a single term of their asymptotic expansion.
Results
In 3], section 3.3, an interesting approach to the Josephus problem is described, and the authors give the following procedure for nding J q (n):
(a) De ne a sequence D n . The striking feature that we nd is that they are extremely well approximated by the rst term of their asymptotic formulas, for large n and xed q. Theorem 1. For each integer q 2 there is a real number K(q) such that D n (q) = K(q) ?? 1 n + n;q ; (2) in which all n;2 = 0 and if q 3 then ?(q ? 2) < n;q 0 (n 0):
As a trivial corollary, we note that clearly K (2) 
Proofs
We begin by proving a little more than is necessary for theorem 1 above. Fix > 1, and let f(x) = d xe. We study the iterates f n = f n ( ) of f, de ned by f n+1 = f(f n ) = d f n e (n 0; f 0 = 1): 
Proof. De ne
We claim that fu n g is increasing and bounded from above. It increases because We now study the error term in the asymptotic formula (7) . The next proposition shows that the error is very small in many cases. Proposition 2. If 2 or if = 2 ? 1=m for integer m 2, then 8n 0 : f n = bc( ) n c: Proof. We de ne numbers fe n g by f n = f n?1 + e n = d f n?1 e (n 1); (9) so 0 e n < 1. With the u n of (8) 
The function c( ).
In this section we study the`constant' c( ), as a function of . A brief table of c( ), showing some of its irregular behavior, is below. We are also able to make a quantitative statement about the jumps at the Josephus points, as the following proposition shows.
Proposition 3. At the Josephus points q = q=(q ? 1), the function c( ) has jump discontinuities also, and they are of the form c( + 0) = c( ) ( = 2; 3=2; 4=3; 5=4; : : :):
Proof. We claim that at such a value of the sequences ff n ( )g and ff n ( + 0)g are A similar easy calculation handles all of the other residue classes simultaneously.
Remarks, and a conjecture
We must remark that as it stands, our`explicit' formula for J 3 (n) is not an improvement over the algorithm in (1), because the computation of the universal constant K (3) requires the D n 's of (1). This situation could change if some independent method were found to calculate K(3) with high precision.
We would like to know more about the function c( ). In particular, does it satisfy some functional equation? Can one evaluate it at the Josephus points in some way that is quite independent of the algorithm (2)?
Finally, we have a conjecture about the error in the general asymptotic formulas above. In the Josephus case, where = q=(q?1), we conjecture that the numbers (q?1)e n , which assume only the values 0; 1; : : : ; q ? 2 The conjecture seems similar to asking for a proof that a given real number is normal in a given base, and so it is likely to be very di cult to prove.
